Quadrature squeezing of light is investigated in a hybrid atom-optomechanical system comprising a cloud of two-level atoms and a movable mirror mediated by a single-mode cavity field. When the system is at high temperatures with quadrature fluctuations of light much above the standard quantum limit (SQL), excitation counting on the collective atomic state can effectively reduce the light noise close to the SQL. When the system is at low temperatures, considerable squeezing of light below the SQL is found at steady state. The squeezing is enhanced by simply increasing the atom-light coupling strength with the laser power optimized close to the unstable regime, and further noise reduction is achieved by decreasing various losses in the system. The presence of atoms and excitation counting on the atoms lessen the limitation of thermal noise, and the squeezing can be achieved at environment temperature of the order K. The nonclassicality of the light, embodied by the negative distributions of the Wigner function, is also studied by making non-Gaussian measurements on the atoms. It is shown that with feasible parameters excitation counting on the atoms is effective in inducing strongly optical nonclassicality.
Squeezed light, with quantum fluctuations below the level of vacuum noise or the standard quantum limit (SQL), is particularly useful for ultra-sensitive force measurements [1] , gravitational wave detection [2] , and is also an important resource in quantum information science for continuousvariable information processing [3] . Squeezed light was first generated by using atomic sodium as a nonlinear medium [4] , and then followed by employing optical fibers [5] and nonlinear crystals [6] . Significant squeezing, up to 15 dB, has been obtained in the laboratory [7] .
Over twenty years ago, an optomechanical cavity was proposed to generate the so-called ponderomotive squeezing of light [8, 9] due to its similarity to a Kerr nonlinear medium. The mechanical element is shifted by the radiation pressure, proportionally to the intracavity intensity of optical field, which in turn modulates the phase of light leading to the correlations between the amplitude and phase quadratures of light. Such correlations can be utilized to reduce the fluctuations of the optical field below the SQL [8, 9] . So far, various schemes have been put forward for generating squeezed states either in the light [10] or the mechanical system [11] and, quite recently, squeezing of the optical field has been experimentally realized in optomechanical systems [12] [13] [14] . Experimental realization of the squeezed states is also extended to create and stabilize entangled states [15] , which are important for quantum information processing and precision measurements.
In recent years, it has been reported that hybrid atomassisted optomechanics shows advantages in many aspects [16] . To name but a few, atoms enhance the radiation pressure and lead to squeezing of the mechanical mode [17] ; atoms boost the cooling of the mechanical motion [18] and can be utilized to prepare non-Gaussian [19] and nonclassical mechanical states by atomic detections [20] ; and the strong coupling between an atomic ensemble and a mechanical oscillator allows to realize quantum control of the oscillator via manipulating the atomic states [21] . It has also been shown that tripartite entangled stationary states of an atom-cavitymirror system can be produced [22, 23] . Moreover, nonlocal properties have been investigated in such a tripartite system by the violation of the Mermin-Klyshko inequality [20] .
In view of the above merits, in this paper we focus on studying optical squeezing in such a hybrid atom-optomechanical system. We explore the atomic effects on the squeezing of the cavity field by considering, e.g., post-selected measurements on the atoms. We show that when the system is at high temperatures, e.g. T ∼10
2 K (refer to Sec. II for the parameters employed), with quadrature fluctuations of light much above the SQL, atomic excitation counting can significantly reduce the noise in one quadrature of optical field without enlarging the noise in the conjugated one. Further reduction can be achieved by increasing the atom-light coupling implemented simply by increasing the number of atoms. However, when the noise is already reduced to a low level close to the SQL, projections no longer work effectively by further increasing the atom-light coupling. The noise approaches the SQL but fails to surpass it. Nevertheless, when the temperature decreases to T ∼10 mK which is typically achievable in current experiments, we find the noise of one quadrature is below the SQL without performing any measurements. Significant squeezing of light is observed in the steady state with experimentally feasible parameters. By increasing the atom-light coupling, the squeezing is enhanced with the optimal laser power satisfying the stability condition. Further squeezing below the SQL is obtained by decreasing various losses in the system. We also show that the presence of atoms and excitation counting on the atoms can improve the environment temperature for the appearance of squeezing. The squeezing below the SQL persists for the temperatures of the order K in the atom-optomechanical system. Lastly, we study the nonclassicality of the optical field by making excitation count-ing on the atomic ensemble, and we observe negative Wigner distributions at high temperatures and the nonclassicality increases with the excitation counting number. Larger effective coupling strength of the system leads to a more squeezed and non-classical state. The output squeezing and nonclassicality of light is also confirmed.
I. THE SYSTEM
As shown in Fig. 1 , we consider a system of an ensemble with N two-level atoms, each with the same eigenfrequency ω a , placed in a Fabry-Perot cavity with a vibrating end mirror, which is treated as a quantum-mechanical harmonic oscillator with effective mass m and frequency ω m . The cavity is driven by a pump laser at frequency ω l . In the unitary picture, without considering any dissipation and decoherence, the Hamiltonian of the system is
where ω c (ω m ) is the frequency of cavity (mechanical) mode, and c (c † ) corresponds to the optical annihilation (creation) operator with [c, c † ] = 1. The dimensionless mechanical position and momentum operators q and p satisfy [q, p] = i. N two-level atoms with the frequency ω a compose the atomic ensemble, and each atom can be depicted by the spin-1/2 algebra of Pauli matrices σ ± and σ z . The collective spin operators of the atomic ensemble are defined as 
where L is the cavity length. The atomcavity coupling rate g is given by g = d √ ω c /2 0 V, where V is the cavity mode volume, 0 is the vacuum permittivity and d is the dipole moment of the atomic transition. The driving laser amplitude ε is related to the pump power P and the cavity decay rate κ by ε = √ 2Pκ/ ω l .
FIG. 1:
Schematic diagram of the system: a cloud of two-level atoms is placed inside a Fabry-Perot cavity with a light movable mirror, which is modelled as a quantum harmonic oscillator. The cavity field mediates the interaction between the atoms and the mechanical oscillator.
The dynamics of this tripartite system is in principle complicated. Nevertheless, an analytical solution is obtainable for the single atom situation [24] . Significant simplification of calculation can be achieved by assuming the low atomic excitation limit, i.e., atoms are all initially prepared in the ground state and the excitation probability of a single atom is small. For highly oriented many atom systems we can use the Holstein-Primakoff approximation [25] . In this limit, the bosonic annihilation operator a = S − / √ | S z | and its Hermitian conjugate a † can describe the dynamics of the atomic polarization, which satisfy the bosonic commutation relation [a, a † ]=1. In the reference frame rotating at the laser frequency ω l , the quantum Langevin equations accounting for the dynamics of the system can be written aṡ
where ∆ c =ω c −ω l (∆ a =ω a −ω l ) is the cavity-pump (atompump) detuning with respect to the driving light, and γ m (γ a ) is the mechanical (atomic) decay rate. The coupling between the cavity and the collective atomic modes is denoted by
The operators {ξ, c in , a in } account for the zero-mean input noises affecting the mirror, optical and atomic modes, respectively. The Langevin force operator ξ, which models the effects of the mechanical Brownian motion, has a nonMarkovian correlation [26] (3) where k B is the Boltzmann constant and T is the temperature of the phononic environment. In the limit of a high mechanical quality factor, the above correlation becomes delta-correlated [27] . Since the cavity and atomic modes are both prepared in coherent states, the only nonvanishing correlation functions of c in and a in are c in (t)c † [28] . The degree of noise reduction in the system depends heavily on the optomechanical coupling strength. To achieve this, we assume the cavity is strongly pumped, i.e. |α s | 1, where α s is the amplitude of the steady-state cavity field, which can be acquired by solving the nonlinear equation 
2 the position-and momentum-like operators of the optical and atomic modes, respectively. In such a way, the dynamics of the system takes a linear form that simplifies the cumbersome calculation. The resulting evolution equation for the fluctuation operators δO= (δq, δp, δX, δY, δx, δy) T is
where the drift matrix K is given by
with the effective optomechanical coupling χ ef f = √ 2χα s (by choosing a phase reference, α s can be taken as real), and the effective cavity detuning∆ c = ∆ c −χ 2 ef f /2ω m . The vector of noise operators n writes in the form of n = (0, ξ,
Equation (4) can be solved directly in the frequency domain by taking the Fourier transform of the equation. The correlation function of any pair of fluctuation operators is then obtained by
, .., 6) the frequencydomain correlation function between elements i and j of v(ω) = (δq(ω), δp(ω), δX(ω), δY(ω), δx(ω), δy(ω)). Our hybrid optomechanical system is fully determined by the 6 × 6 covariance matrix (CM) σ with elements defined in Eq. (6) . Being a physical state, σ should satisfy the HeisenbergRobertson uncertainty principle σ + iΩ 3 /2 ≥ 0 [29] with
j=1 iσ y the so-called symplectic matrix and σ y the yPauli matrix. The system is stable when all the eigenvalues of the drift matrix K have negative real parts [30] . In what follows, all the results to be discussed are guaranteed to meet this stability condition.
II. NOISE REDUCTION BY EXCITATION COUNTING ON ATOMS
In this Section, we focus on the quantum fluctuations of optical quadratures and provide a strategy to strongly suppress the noises based on the post-selected measurements, e.g. excitation counting, on the atoms. This is particularly powerful when the system is at high temperatures with large noises because it reduces one quadrature's fluctuation close to the SQL without increasing the noise in the other one. The fluctuations δX and δY are subject to the Heisenberg uncertainty relation. For vacuum or coherent states, we have δX 2 = δY 2 = 1/2. The fluctuations below 1/2 indicates that the SQL is surpassed and, correspondingly, the state is called a squeezed state.
We first discuss the situations when the system is at high temperatures. In this case, the quadratures of the system have large fluctuations, i.e., δX 2 or δY 2 1/2. In the following, we show that with excitation counting on the atoms, δX 2 can be reduced to approach the SQL, i.e., δX 2 ∼ 1/2. Having acquired the CM of the system, its characteristic function can be directly achieved by [31] with amplitude {α, β, γ} ∈ C, the characteristic function is rewritten as ζ(α, β, γ). This gives us access to the density matrix of the system [32] :
where D j (µ) is the displacement operator of mode j = m, c, a [33] . Now we implement excitation counting on the atomic state. For low number excitation counting, this can be performed by utilizing a time-resolved and position-sensitive detector (microchannel plate and delay-line anode) [34] . For large number excitation counting, Rydberg excitation and its detection are helpful for the measurement. In this case, principal quantum numbers is associated with the number of ground-state atoms in each Rydberg excitation, and the Rydberg excitations are field ionized using an approximately linear field ionization ramp. Large number atom counting can be carried out by using microchannel plate detection and Rydberg states [35] . This gives rise to the following density matrix for the conditional state of the cavity field:
where operator Π=|s a s| denotes excitation counting on the atoms and the denominator is a normalization constant. Note that due to the low excitation assumption, s should be a small integer. As we will see, actually s = 1, i.e., projecting the atoms onto a single excitation state, is sufficient to strongly suppress the noise of the cavity field. Once having the density matrix of the cavity field, one then obtains its characteristic function by
with λ ∈ C. The analytical expression of ζ(λ) is provided in the Appendix. Since ζ(λ) contains the information of fluctuations δX 2 and δY 2 , the degree of the noise reduction can then be calculated by comparing with the initial ζ(β) before the measurement implemented. From ζ(λ), one can also derive the Wigner function of the cavity field by W(λ) = F [ζ(λ)], where F [·] denotes taking the Fourier transform. Figure 2 shows the Wigner function of the cavity field with and/or without excitation counting on the atoms for two values of g N , in which we employed experimentally feasible parameters [13] : m=2 × 10 −13 g, ω m /2π=10 7 Hz, a lower Q factor Q=ω m /γ m =10 4 , and a higher temperature T =100 K; laser power P=2.36 mW at λ l =1540 nm, cavity length L=1 mm and decay rate κ/2π = 2×10 6 Hz; atomic decay rate γ a /2π=2×10 In view of a cloud of atoms (N > 10 7 ) trapped in the cavity [36] , we have considered a larger cavity and the power and the decay rate are accordingly adjusted to guarantee the stability of the system. We take optimal detunings as∆ c ∼ 0 and ∆ a ∼ −ω m , which will be expounded in the next Section. As shown in Fig. 2 , with a sizeable atom-light coupling g N , atomic counting can strongly suppress δX 2 to just above the SQL. However, by further increasing g N , measurements fail to reduce the niose below the SQL but push it very close to the limit. For a very large g N = 10 9 Hz, δX 2 is reduced to 0.503 still above the SQL. Moreover, non-classical state exhibiting negative Wigner function can be generated by increasing the number of excitation counting, even at the high temperature T ∼ 100 K. The negativity of the Winger function robust against the effects of the environment affecting the atom-optomechanical system, and should be taken as a sort of witness for nonclassicality. In section IV, we will stress the nonclassicality in detail.
III. QUANTUM NOISE BELOW THE SQL
We now show that, by lowering the temperature, quadrature squeezing of light below the SQL can be generated in this hybrid atom-optomechanical system and measurements on atoms play an active role in enhancing the squeezing.
Determining the optimal values of the parameters, especially for the detunings, is the key to generate squeezing in our system. In Fig. 3 , we show the fluctuation δY 2 of light as a function of the two detunings∆ c and ∆ a with the same parameters as in Fig. 2 (a) but for a lower temperature T =10 mK and without measurements on atoms. It shows that the optimal detunings for the squeezing of δY 2 at the steady state are: ∆ c ∼ 0 and ∆ a ∼ −ω m (refer to Refs. [20, 22] for different optimal detunings for the entanglement and nonlocality in such 2 is optimized by adjusting the power P satisfying the stability. a tripartite system). Largest squeezing δY 2 ∼ 0.355 (29% below the SQL) is found close to the unstable regime [37] .
For a given∆ c , the nonlinear equation for the amplitude of the steady-state cavity field α s can be solved by adjusting the cavity-laser detuning ∆ c , and is given by
from which we see that the laser power P (included in ε) and the atom-light coupling g N mainly determine the value of α s and thus determine the optomechanical coupling χ ef f , which plays a key role in light squeezing in our system. Numerical calculations show that for a given g N , P close to the maximum value allowed by the stability condition yields optimal squeezing of δY 2 . The degree of squeezing is enhanced till to a saturated value as g N increases, as shown in Fig. 4 . Since the optimal power P and χ ef f increase as g N grows, one would suspect this enhancement is solely caused by the increase of χ ef f . This is excluded by the fact that when g N changes from 10 8 Hz to 2 × 10 8 Hz (not shown), the optimal χ ef f varies from 9.07×10 7 Hz to 1.8×10 8 Hz, while δY 2 is almost unchanged. Further squeezing would occur by decreasing various losses in the system. For example in Fig. 4 , if we take g N =1.25×10
8 Hz and decrease γ m and γ a to one percent of their original values, i.e., γ m /2π=10 Hz and γ a /2π=2 × 10 3 Hz, δY 2 is reduced to 0.325, i.e., 35% below the SQL. The excitation counting Π=|1 a 1| on the atomic state slightly improves the squeezing of δY 2 to 36% below the SQL. The squeezing in the amplitude quadrature δX 2 of light is optimized for∆ c ∼ ω m and ∆ a ∼ −ω m , i.e. the cavity is resonant with the anti-Stokes sideband of the laser, while the atoms are resonant with the Stokes sideband. The optimal detunings for the entanglement and nonlocality in such a tripartite system are the same [20, 22] . The maximum squeezing of δX 2 could be achieved with experimentally feasible parameters [12, 16] : ω m /2π=4.92 × 10 5 Hz, γ m /2π=0.1 Hz, and lower temperature T =0.01 K. The laser power P and the coupling χ ef f are increased to 90 mW and 7.15 × 10 6 Hz. In comparison with the losses mentioned above, the cavity and atomic decay rate are decreased to κ/2π = 8 × 10
3 Hz and γ a /2π=8 × 10 2 Hz. In this high-finesse cavity (F > 10 5 ), we use a longer cavity L=20 mm and decrease the number of trapped atoms (N ∼ 10 6 , corresponding to g N =1.11 × 10 7 Hz) to make the experiment more feasible. The optimal squeezing of δX 2 ∼ 0.317 is found in the case, i.e., 37% below the SQL. The single excitation counting enhances the squeezing to 40% below the SQL, which plays a stronger role compared with the case of phase quadrature δY 2 . The robustness of the squeezing δX 2 dependent on the environment temperature T is shown in Fig. 5 . The parameters are the same as those used for obtaining the optimal squeezing of δX 2 . With the help of the atoms, the squeezing of δX 2 persists for environmental temperatures above 0.43 K without any post-selected measurements (see the red dashed line in Fig. 5 ), which is two orders of magnitude larger than the temperature for squeezing in the absence of atoms. The environment temperature corresponding to the appearance of squeezing is further increased to 1.56 K with the single excitation counting Π=|1 a 1| on the atoms (blue solid curve shown in 5) . Hence, the presence of atoms and excitation counting on the atoms can reduce the requirements regarding thermal noise from environment, and enhance the squeezing at relatively high temperatures compared to the case without atoms.
IV. INDUCING NEGATIVITY OF THE WIGNER FUNCTION
While the above sections are focused on the squeezing of light, in this section, we concentrate on the effectiveness of the post-selected measurement in inducing negative Wigner functions of the light [39] . Due to the Gaussian nature of the linearized optomechanical interaction, negativity of the Wigner function will not be induced through Gaussian measurements [40] . Using conditional non-Gaussian measurements, e.g. excitation counting on the atoms, the nonclassicality of light with a negative Wigner function is strongly induced. As shown in Fig. 6 , we present the Wigner distribution of the light with excitation counting Π=|2 a 2| on the atomic state. The parameters are the same as those used for achieving the largest squeezing of δX 2 in the last section. In Fig. 6 (a) , it shows that a negative Wigner function is effectively induced through excitation counting on the atoms. It should be noted that single-excitation counting Π=|1 a 1| on the atoms is inefficient to induce a negative Wigner function, while two-excitation counting can. This is because a larger excitation counting number yields stronger nonclassicality of the light [40] . Quite noticeably, even classical pumping is sufficient to induce the negativity of the Wigner function. The negativity is quite robust against temperature: by increasing the temperature up to T ∼ 100 K, the negativity is still maintained, as shown in Fig. 6 (b) . The robustness is also found against the mechanical and atomic decay rate: the Wigner function sustains its negativity as γ m increases by four orders of magnitude and as γ a increases by one order of magnitude.
We also show that the induced nonclassicality and the enhanced squeezing is tightly associated with the effective optomechanical coupling χ ef f : using excitation counting Π=|2 a 2| on the atoms, stronger nonclassicality and suqeezing is generated and maintained as the coupling increases, as shown in Fig. 7 . We adopt the nagative values of the Wigner function N w to quantify the nonclassicality of the light.The N w is defined as N w = Φ W(δ)d 2 δ , where Φ is the negative region of the Wigner distribution in phase space. Finally, we confirm the quantum fluctuations of optical quadratures outside the cavity. The fluctuations in the output light are determined by the intracavity light and incoming noise. To infer the squeezing and nonclassicality of the light emerging from the cavity, we consider the input-output relations [28, 30] 
. In this hybrid atom-optomechanical system atoms contribute to enhancing the quadrature squeezing of output light. The optimal values of the parameters are almost the same as those used in Fig. 6 (a) except the following parameters: effective cavity detuning∆ c ∼ 2ω m , cavity decay rate κ/2π = 3 × 10 6 Hz, effective optomechanical coupling χ ef f = 10 7 Hz, and a lower temperature T = 2.6 mK. We consider fewer atoms (N ∼ 10 2 ) are trapped in the long cavity, which is more implementable in experiment. The optimal squeezing of δY 2 out ∼ 0.32 is found in the case, i.e., 36% below the SQL. For inducing the nonclassicality and enhancing the squeezing, we perform the same excitation counting as used in Fig. 6 (a) . Similar to the intracavity case, the negative Wigner function is effectively induced and the output squeezing of the light is slightly increased through excitation counting on the atoms. Although the operating temperature is at the order of K, the negativity of the Wigner function is still maintained as the atomic decay rate γ a increases by one order of magnitude. This operating temperature is feasible for experiment, and still much higher than T ∼ 10 mK that can be reached with standard dilution refrigerators. Some robustness is also found against the mechanical decay rate: the Wigner function sustains its negativity against an increase in γ m of about 30%. Compared to the condition inside the cavity, the robustness of the nonclassicality with respect to environment disturbances is decreased due to the larger cavity decay.
V. CONCLUSIONS
We have studied quantum noise reduction of light in a hybrid atom-optomechanical system focusing on the role of implementing measurements on the atoms. We show that when the system is at steady states with large fluctuations of light much above the SQL, excitation counting on atoms can effectively suppress the noise in one quadrature close to the SQL, but fails to surpass the limit. When the system is at low temperatures, quadrature squeezing of light below the SQL is found with realistic parameters. By increasing the atom-light coupling strength, the squeezing is enhanced with the laser power optimized close to instability. Significant squeezing of the light below the SQL could be achieved by further decreasing various losses in the system. The squeezing below the SQL is benefitted from the presence of atoms and excitation counting on atoms, and can occur at high temperatures. We have also shown that excitation counting on atoms can induce robust negativity of the Wigner function. The results indicate that making non-Gaussian measurements on atoms plays an active role in enhancing optical squeezing and nonclassicality. This study will contribute to the ongoing attempts to prepare non-classical states and also establish atom-light interfaces for continuous variable quantum information processing.
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APPENDIX
Here we provide the analytical expression for the characteristic function of the cavity field conditioned on the outcomes of the atomic counting. Having the CM of the system, in virtue of Eqs. (7) and (8) in the main text, the density matrix of the system writes as -5) 
